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In common sense, postselected weak amplification must be related to destructive interference
effect of the meter system, and a single photon exerts no effect on thermal field via cross-phase-
modulation (XPM) interaction. In this Letter we present, for the first time, a thermal light
cross-Kerr effect. Through analysis, we reveal two unexpected results: i) postselection and weak
amplification can be explained at a classical level without destructive interference, and ii) weak
amplification and weak value are not one thing. After postselection a new mixed light can be
generated which is nonclassical. This scheme can be realized via electromagnetically-induced
transparency.
PACS numbers: 42.65.Dv, 03.65.Ta, 42.50.Hw
Introduction. - Cross-phase-modulation (XPM) inter-
action is often used to induce a phase shift (PS) on a
beam of coherent light [1]. However when a sinlg photon
interacts with the coherent light, the PS is difficult to
detect. In these years experimental observation of opti-
cal nonliearity at the single-photon level have been per-
formed in [2, 3]. Until recently the nonlinear phase shift
due to a postselected single photon was directly measured
using electromagnetically-induced transparency and slow
light [4]. Considering the probe field is in fact not sin-
gle mode, Bing He et al discussed XPM between a sin-
gle photon and a coherent light via the continuous mode
treatment of photonic pulse interactions [5]. There are
many interesting phenomena and applications based on
XPM, such as quantum nondemolition measurement [6],
protecting the single-photon entangled state [7] and gen-
erating strong micro-macro entanglement [8].
A thermal state is the most classical state, which is
a statistical mixture of coherent states. Its density ma-
trix ρth is diagonal in the number state basis |n〉, so it
can be completely described with number distribution
P (n), and does not exhibit phase dependence. In the
single-mode approximation, a single photon takes no ef-
fect on a thermal light via XPM. Recently in postselected
weak measurement (PWM), it is demonstrated theoreti-
cally that, thermal state pointer can greatly enhance the
postselection success probability, measurement sensitiv-
ity and precision [9, 10]. This inspires us to explore the
effect of single-photon cross-Kerr nonlinearity on thermal
light in the PWM scenario.
The idea of PWM proposed by Aharonov et al [11–13]
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is regarded as a generation of von Neumann measure-
ment, which aims to reveal the odd properties of time-
symmetry quantum state [14, 15]. PWM consists of three
steps: i) initial state preparation for the quantum system
and the meter system, ii) weak interaction between them,
which can weakly entangle the two systems, but not re-
solve the shape of the pointer from the previous one,
and iii) postselection on a final state, which is nearly or
absolutely orthogonal to the initial state [16]. The key
consequence of PWM is a large change for the pointer.
This scenario can be used to amplify some tiny inter-
actions [17, 18], to directly measure the wave functions
of a quantum system [19], and to explain some counter-
intuitive quantum paradoxes [20].
Pure state is usually used as the measurement pointer
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FIG. 1: A schematic in our scheme. The single-photon entan-
gled state weakly interacts with the thermal light via XPM.
When a photon is detected in the dark port D1, a new mixed
state for the probe light can be generated. Here (a),(b) denote
the two arms passed by the single-photon, (c) denote the path
passed by the probe field. When the single-photon passes the
arm (b), it interacts with the thermal light.
2in PWM process. Although mixed state is also consid-
ered [21], the effect induced by postselection on the clas-
sical probability distribution (CPD) for each component
of the mixed state has not been involved in, because
an exact solution to arbitrary pointer is difficultly ob-
tained [22]. In this Letter, for the first time, we presents
a scheme to study the effect of postselection on mixed
state, which is related to the weak XPM interaction be-
tween a single-photon in a superposition state and a ther-
mal light. Here postselection has a classical meaning that
CPD (not probability amplitude) of the mixed state can
be changed and an amplification effect can be created,
which is different from that induced by destructive in-
terference [11]. Meanwhile it is also revealed that weak
amplification and weak value are not one thing. After
postselection, the classical thermal light become one non-
classical mixed field. This scheme can be realized via the
existed techniques.
Scheme and analysis. - Fig. 1 is the schematic for
our proposal as used in Ref. [23, 24]. The quantum sys-
tem can interact with the meter system through a Kerr
medium. The evolution operator of the whole system
can be described as exp(iφ0nˆbnˆc), where φ0 ≪ 1 is the
cross-phase shift per photon and nˆb (nˆc) is the number
operator for mode b (c).
When one single-photon enters a 50:50 beam splitter, it
can be prepared initially in an one-photon equal superpo-
sition state |ϕ〉 = 1√
2
(|1〉a|0〉b+|0〉a|1〉b) of the arms a and
b. If the probe light is prepared in a coherent state |α〉c
[23, 24], the state of the whole system after interaction
is an entangled state 1√
2
(|1〉a|0〉b|α〉c + |0〉a|1〉b|eiφ0α〉c).
The new coherent state |einφ0α〉c can not be distin-
guished from |α〉c, for the phase shift φ0 is comparatively
smaller than the fluctuations σ of the coherent light. For
observing the weak XPM interaction, postselection strat-
egy is applied to measure the photon in a final state |ψ〉,
which is nearly orthogonal to the initial one |ϕ〉, that is
〈ψ|ϕ〉 ≈ 0. This induces a destructive interference, and
generates a very large phase shift on the coherent light
to an observed level as a collection of many photons in-
teracting with it. In a word, generally for PWM, postse-
lection, amplification, entanglement and interference are
four basic features.
In this Letter, we make use of a thermal light as the
pointer rather than the coherent light, which can be de-
scribed as
ρth(z) = (1− z)
∑
n=0
zn|n〉c〈n|c, (1)
where z = e−~ω/kBT , ~ is the Planck constant, ω is
the frequency of the thermal field, kB is the Boltzmann
constant, and T is the temperature. It is clear that
0 ≤ z < 1. When ω decrease or T increases, z will
increase. After the weak XPM interaction, the quantum
system and the meter system will evolve into a mixed
(not entangled) state as following
ρst = (1− z)
∑
n=0
zn|ϕn〉〈ϕn| ⊗ |n〉c〈n|c, (2)
here |ϕn〉 = 1√2 (|1〉a|0〉b + einφ0 |0〉a|1〉b). For different
number state component |n〉c in the thermal stat, the
weak cross-Kerr nonlinearity can induce different relative
phases nφ0 in the single-photon superposition state. For
the single-photon, the interaction produces an average
phase shift n¯φ0 between arms a and b, where n¯ =
z
1−z is
the average photon numbers in the thermal light. Here
entanglement as the basic feature for PWM is lost, which
is different from that using a coherent field as the probe.
When the single-photon comes out from the second
beam splitter and is triggered in the dark port by D1, a
final state |ψ〉 = 1√
2
(|1〉a|0〉b − |0〉a|1〉b) is selected, that
is 〈ψ|ϕ〉 = 0 [25]. The final state of the probe light is
ρf =
1− z
4P
∑
n=0
zn(1 − einφ0)(1 − e−inφ0)|n〉c〈n|c. (3)
Here P = 14 (2 − 1−z1−zeiφ0 − 1−z1−ze−iφ0 ) is the post-selected
probability in the dark port. A new mixed state is ob-
tained through postselection.
First of all, we discuss the meaning of the results (3).
When nkφ0 = 2kpi, and k = 0, 1, 2 · ··, the success de-
tection probability for the corresponding number states
|nk = 2kpiφ0 〉 is zero. This means the probe light can not
occur in number state |nk〉 . In fact the disappeared num-
ber state can be arbitrarily chosen using a phase shifter
[25]. Thus in this Letter, postselection can change the
CPD for each number state component |n〉c in the mixed
state. Here the destructive interference between the post-
selected meter states does not exist, but we also obtain
an amplification effect via measuring the average photon
number and the change of the occupation probability.
The average photon number of the postselected state
is
n¯f =
1− z
4P
[
2z
(1− z)2 −
zeiφ0
(1− zeiφ0)2 −
ze−iφ0
(1− ze−iφ0)2
]
.
(4)
0.0 0.2 0.4 0.6 0.8 1.0
0.0
5.0x10-6
1.0x10-5
1.5x10-5
2.0x10-5
0.990 0.992 0.994 0.996 0.998 1.000
0.0
0.1
0.2
0.3
0.4
0.5
 
 
P
z
 
 
P
z
(a)
.
0.0 0.2 0.4 0.6 0.8 1.0
0
20
40
60
80
100
0.0 2.0x10-3 4.0x10-3 6.0x10-3 8.0x10-3 1.0x10-2
0.0
5.0x103
1.0x104
1.5x104
2.0x104
2.5x104
3.0x104
3.5x104
 
 
R
z
 
 
R
z
(b)
.
FIG. 2: Detection probability P and amplification ratio R
for average photon number in the new mixed state and the
thermal state are plotted in (a) and (b) as a function of z.
3We can define a ratio R = n¯f/n¯. In Fig. 2 the success
probability P and the average number ratio R are plot-
ted. We assume φ0 = 2pi×10−5 used in [23, 24]. It can be
seen that when z increases, the success probability also
increases, and the amplification ratio R decreases. The
smaller the success probability, the larger the amplifica-
tion ratio. The amplification effect is very clear. When
z = 0.001, P = 9.9×10−13, n¯f = 1.004, R = 1003. When
z = 0.5, P = 2.96 × 10−9, n¯f = 4.33, R = 4.33. When
z = 0.99999, P = 0.4876, n¯f = 1.05× 105, R = 1.05.
Next we continue to discuss the properties of the new
mixed state (3). In Fig. 3 (a), (b) and (c), the photon
number distributions P (n) for z = 0.001, 0.5, 0.99999 are
present. When z is much smaller than 0.1, the gener-
ated state is a single-photon state. It is obvious that the
occupation probability distribution of the number state
components of the new mixed state is greatly modulated,
which demonstrates a prominent amplification effect.
For a deeper understanding of the new state, we further
give its Wigner functions (WF) W (x, p), where x and p
are two quadratures of the light. Its expression is as
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FIG. 3: (a),(b) and (c) are the photon number distribution
for the generated mixed state (black) and the initial thermal
state (red) for z = 0.001,0.5, 0.99999; (d), (e) and (f) are the
corresponding Wigner functions W (x, 0).
following
W (x, p) =
1− z
2piP
[
2
1 + z
exp(−2(1− z)(x
2 + p2)
1 + z
)
− 1
1 + zeiφ0
exp(−2(1− ze
iφ0)(x2 + p2)
1 + zeiφ0
)
− 1
1 + ze−iφ0
exp(−2(1− ze
−iφ0)(x2 + p2)
1 + ze−iφ0
)]
(5)
In Fig. 3 (d), (e) and (f), W (x, 0) are plotted for z =
0.001, 0.5, 0.99999. When x = p = 0, we can have
W (0, 0) = − z(1− z)
2(1− cosφ0)
piP (1 + z)(1 + z2 + 2z cosφ0)
< 0 (6)
so this new mixed state is nonclassical.
When a phase shifter θ is added in the arm a [25], an-
other new insight can be obtained. When θ is very small,
this situation corresponds to the traditional weak-value
amplification region [11]. Amplification ratio R for aver-
age photon number in the new mixed state as a function
of θ when z = 0.5 and z = 0.99999 are plotted in Fig. 4
(a) and (b). We can see, when z is small, maximum weak
amplification occurs in the weak-value amplification re-
gion. However when z approaches unitary, the success
detection probability approaches 0.5, and maximum am-
plification is away from the weak-value amplification re-
gion. This means weak amplification and weak value are
not one thing.
This Letter presents a classical example for PWM. Al-
though the system is quantum, the amplification can be
explained at a classical level. This result is very subtle.
Ferrie et al showed an evidence [26] that weak values are
not inherently quantum, but rather a purely statistical
feature of pre- and post-selection with disturbance. This
claim arouses much controversies [27–33]. Our scheme is
very different from that one and satisfies the conditions
for PWM. There is no extra disturbance, and the ampli-
fication is produced due to only pre- and post-selection.
Of course this explanation is not the whole story. Ther-
mal state can be diagonal not only in number state basis
but also in coherent state basis. Recently Wang et al
presents a unified view for PWM [34] bases on the fact
that any density matrix could be expanded diagonally in
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FIG. 4: Amplification ratio R as a function of θ when z = 0.5
(a) and z = 0.99999 (b).
4terms of coherent states [35, 36]. The thermal state can
be diagonalized as
ρth(n¯) =
1
pin¯
ˆ
d2αe−
|α|2
n¯ |α〉〈α|. (7)
This representation is equal to equation (1) but has dif-
ferent physical meaning. Here the thermal light is a mix-
ture of coherent light (classical light). So (2) and (3) can
be reexpressed as
ρst =
1
2pin¯
ˆ
d2αe−
|α|2
n¯ (|1〉a|0〉b|α〉c + |0〉a|1〉b|eiφ0α〉c)
(〈1|a〈0|b〈α|c + 〈0|a〈1|b〈eiφ0α|c), (8)
and
ρf =
1
4pin¯P
ˆ
d2αe−
|α|2
n¯ (|α〉c − |eiφ0α〉c)
(〈α|c − 〈eiφ0α|c), (9)
so the (classical) interference is in fact averaged out [25]!
Possibility of experimental realization. - PossibaWeak
XPM in this scheme at the single-photon level has
been realized by the established methods in [3] and
[4]. Especially in [4, 37] weak XPM has been di-
rectly observed at the single-photon level with assistance
of electromagnetically-induced transparency (EIT) [38].
XPM based on EIT has been studied in [41–45]. A pure
cross-Kerr interaction can be generated in N -type EIT
medium [39, 40], and thermal light EIT has been inves-
tigated in [46].
Weak thermal pulses in the spectral region around 800
nm can be generated by inserting a rotating ground glass
disk in the path of the laser beam [47], which was used in
[48] to adding and subtracting single photons to and from
a thermal field. The quadrature distributions for the new
mixed state can be obtained experimentally, and the cor-
responding photon number probability distributions and
WF can be reconstructed from the experimental data by
means of an iterative maximum likelihood algorithm [49–
52]. The negativity of the WF is a good indication of the
nonclassical character of the new mixed state. A recycled
method can be used to enhance the detection efficiency
at the dark port [53, 54]. This method can be also ap-
plied in [23, 24] although they did not mention it. When
the photon comes from the bright port the correspond-
ing probe light also escapes from XPM, so this photon
can again enter into the setup. If z approaches to unity,
the nonclassical light can be generated with nearly half
the chance which may be used in quantum information
process., The single-photon entangled state can be also
prepared with the method in Ref [55] besides exploiting
the single-photon source.
In this Letter, we deal with the single-photon and the
thermal light in the single-mode approximation. In real-
istic treatment, continuous-mode photonic pulses should
be considered, which makes two individual photons via
XPM inseparable [5]. A realistic picture of quantum
phase gate performance was clarified in [56]. Whether
a single-photon and a thermal light can be entangled in
the continuous-mode treatment is still not clear. If it is,
the real amplification effect will show a small deviation
from that in this scheme. It will be discussed in next
paper.
Conclusions. - an amplification scheme for PWM with
classical explanation is presented. Postselection can in-
duce a large change on the probability distribution of the
mixed state. In this view, the destructive interference
between the postselected final states of the meter system
does not exist. We explain the result from a coherent-
state basis view that the interference is in fact averaged
out. In this Letter we find that the effect of postselection
is at a classical level. However the initial superposition
state of the quantum system is essential for this scheme.
How much classical PWM can be is an important and
interesting issue. Meanwhile we point out that weak am-
plification and weak value are not one thing.
Here thermal light cross-Kerr effect is predicted for the
first time. A new mixed state can be generated with
nonclassicality. The new effect has potential applications
in quantum information process. This scheme can be
realized based on the present techniques. Of course this
new effect can be also applied to other quantum systems
with XPM interaction, such as optomechanical system.
Note added. - During the completion of this work, we
became aware of a related work by Martínez-Rincón, Liu,
Viza and Howell [57]. In their and our papers, postselec-
tion plays the classical role. However they goes further
and re-selectes new final states of the quantum system.
Through the new postselection, we can see clearly that
weak amplification and weak value are not one thing.
The relationships and generalization of the results in the
two papers are clarified in [58].
We thank Bing He for helpful comments on weak XPM.
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Supplementary materials:
(1) Phase shifter θ
We should notice that, if we add a phase shifter θ in the
arm a, the initial state of the photon will be in |ψ(θ)〉 =
1√
2
(eiθ|1〉a|0〉b + |0〉a|1〉b). When the final state of the
single photon |ψ〉 = 1√
2
(|1〉a|0〉b − |0〉a|1〉b) is selected,
the final state of the probe light is
ρf(θ) =
1− z
4P ′
∑
n=0
zn(1− ei(θ+nφ0))
(1− e−i(θ+nφ0))|n〉c〈n|c, (10)
where P ′ = 14 (2− (1−z)e
iθ
1−zeiφ0 −
(1−z)e−iθ
1−ze−iφ0 ). When θ+nkφ0 =
2kpi, k = 0, 1, 2, · · ·, the distribution probability for num-
ber state |nk〉 is zero. So we can eliminate the number
state component |n〉c via adjusting the phase shifter θ.
(2) The single-photon is initially prepared in |1〉b
For a pure number state |n〉c in mode c, although it ro-
tates an angle nφ0 after the weak XPM interaction with
a single-photon, the state is also the same number state
6|n〉c. That is exp(iφ0nˆbnˆc)|1〉b|n〉c = einφ0 |1〉b|n〉c. So
if the single-photon is initially prepared in |1〉b (single
mode approximation), the thermal light can not change.
In the realistic situation interactions can generically cre-
ate continuous-mode entanglement [5]. However in our
Letter the classical explanation of postselection relies on
the single-mode approximation.
(3) interference average
ρf =
1
4pin¯P
ˆ
d2αe−
|α|2
n¯ (|α〉c − |eiφ0α〉c)(〈α|c − 〈eiφ0α|c)
=
1
4pin¯P
ˆ
d2αe−
|α|2
n¯ (e−
|α|2
2
∑
n=0
αn√
n!
|n〉c − e−
|α|2
2
∑
n=0
einφ0αn√
n!
|n〉c)
(e−
|α|2
2
∑
m=0
α∗m√
m!
〈m|c − e−
|α|2
2
∑
m=0
e−imφ0α∗m√
m!
〈m|c)
=
∑
n=0
∑
m=0
(
1
4pin¯P
ˆ
d2α
αnα∗m√
n!
√
m!
e−
n¯+1
n¯
|α|2)(1− einφ0)(1− e−imφ0)|n〉c〈m|c
=
∑
n=0
1− z
4P
zn(1− einφ0)(1− e−inφ0)|n〉c〈n|c, (11)
so for thermal state, the interference is averaged out at
last. This result can be generalized to any diagonal mixed
state in the number state basis.
